DECAY ASYMPTOTICS OF THE VISCOUS CAMASSA-HOLM 
EQUATIONS IN THE PLANE 



CLAYTON BJORLAND 

Abstract. We consider the vorticity formulation of the 2-D viscous Camassa- 
Holm equations in the whole space. We establish global existence for solutions 
corresponding to initial data in L 1 and describe the large time behavior of 
solutions with sufficiently small and localized initial data. We calculate the rate 
at which such solutions approach an "un-filtered" Oseen vortex by computing 
the rate at which the solution of a scaled vorticity problem approaches the 
solution to a corresponding linearized equation. 



1. Introduction 

The viscous Camassa-Holm equations (VCHE) equations are commonly written: 
(1.1) v t + u ■ Vv + v ■ (Vw) T + Vp = Av 

Ha 1 ( u ) = u — a 2 Au = v 
V ■ u = 
u(0) = v 

Here, H a is the Helmholtz operator with constant a defined by solving the PDE 
u — a 2 Au — v and will be referred to as the "filter" associated with the VCHE. 
For a derivation of these equations from variational principles see [TT] or [T3] ; for a 
derivation based on modifying the Navier-Stokes system see [7J. The significance of 
these equations is in the combination of a close relation to the famous Navier-Stokes 
equations and easily computable bounds on solutions. In particular, in dimensions 
2-4 the VCHE admit smooth global solutions which satisfy the Kelvin Circulation 
Theorem (circulation is conserved around "loops" moving with the filtered flow), 
the filter is responsible for the smoothing effect on solutions and the non-linear 
term v ■ (Vu) T brings the solution into compliance with the Kelvin Circulation 
Theorem. These solutions are well suited for numerical and analytic calculations 
and retain many properties displayed by solutions of the Navier-Stokes equations. 
For proofs of global existence and uniqueness in dimensions 2-4 see [2], [7J, [8], 
|13j . and [T3]- Decay of energy and higher norms is considered in Numerical 
literature is outside the scope of this paper and the reader is referred to [12] for a 
survey of the VCHE role in computational turbulence models and a more complete 
bibliography. 

The relation between the VCHE and the Navier-Stokes equations is particularly 
visible in the vorticity form of the equations found by taking the curl (V x v — v) 
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of In two dimensions the vorticity form is: 

(1.2) v t +u-Vv = Av 

B(H a {v))=u 
v(0) = Vq 

In the above equation, B represents convolution with the well known Biot-Savart 
kernel, see l2.ll The aim of this paper is to further explore the relationship between 
solutions of the Navier-Stokes equation and the VCHE by describing the way a 
solution of ljl.2|) approaches the fixed point zero, i.e. computing the first and 
second order decay asymptotics for solutions with small initial data. 

The asymptotic behavior of the 2-D vorticity equation for the Navier-Stokes 
equation has been studied in [5] , [5] and [TO] . In [pj the asymptotics are calculated 
by applying invariant manifold techniques to the semiflow governing the vorticity 
problem. Their approach was to scale the vorticity problem into coordinates which 
are particularly well suited to studying the large time behavior of the Navier-Stokes 
equation and then apply the Invariant Manifold Theorem in 16, to construct an 
invariant manifold in the phase space of the scaled problem and foliate the phase 
space locally, near the fixed point zero. The manifolds constructed give insight 
into the behavior of solutions near the fixed point and, among other results, the 
authors calculate the asymptotics through the interaction and properties of these 
manifolds. 

The close relation of the Navier-Stokes equations and the VCHE gives hope that 
a similar program may be carried out for the 2-D VCHE, especially when comparing 
the vorticity equations. In fact, such attempts are met with resistance from the 
filter in the VCHE. In a functional setting the filter eases problems by smoothing 
the solution but in a dynamical setting such as this the filter adds complication to 
the problem. In particular, the filter does not scale well with the other parts of 
the equation and the resulting non-linear term has dependence on the scaled time 
variable not present in the case of the Navier-Stokes equations. It is not immediately 
clear how to construct invariant manifolds with such a time dependence or even if 
such a structure exists. 

The Invariant Manifold Theorem in [6] is based on solving Lyapunov-Perron 
type equations which are generated through recursive application of the semiflow, 
the work that follows is based on parts of this approach that work well in the set- 
ting of the VCHE. To construct our decay theorem we linearize the scaled VCHE 
around a fixed point sufficiently close to zero and determined by the initial data 
considered, then subtract the linearized equation from the scaled one to get a sys- 
tem which measures distance from the linear solution. To work around the time 
dependence of this system we construct an infinite family of systems by steping 
the original system forward in time a fixed length, these can then be composed to 
reconstruct the flow of the solution. Following in spirit [6], the semiflow generated 
by these systems is decomposed into a linear term, a non-linear term, and in the 
second order case a forcing function which decays quickly for which we can find 
uniform Lipschitz bounds. Applying this decomposition recursively we find a dis- 
crete Lyapunov-Perron type system which is solvable in a rapidly decaying space. 
The existence of a solution to this discrete system implies decay properties of the 
difference system which in turn allow us to compute the asymptotics we desire. 
Although the notion of invariant manifolds is lost we still retain enough structure 
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to complete the asymptotic calculations on the solution. This procedure, in the- 
ory, can be continued to arbitrary orders of asymptotics by considering sufficiently 
localized data. We consider only the cases where the governing ODEs are linear. 

The work is based in large part on the work in [6] and [9] , this is reflected in the 
notation we use and the statements of many theorems. Following this introduction 
we introduce the majority of our notation and a few useful lemmas relating to the 
VCHE. Section 4 is dedicated to proving existence and uniqueness of solutions to the 
vorticity problem in 2-D. This section is somewhat based on the work in [Tj where 
similar results were proved for the Navier-Stokes equations but for us the work is 
simplified thanks to the smoothing properties of the filter in functional settings. In 
section 5 we introduce the scaled variables, prove boundcdncss of solutions with 
these variables in weighted spaces L 2 (m), and discuss other properties of the scaled 
system. In this section we also discuss the linearized system and the action of 
the linear operator C (the scaled form of A) on the weighted spaces. Sections 6 
and 7 hold the theorems and computations involving the first and second order 
asymptotic respectively. The theorems in section 7 are very similar to section 6 
and many are stated with little or proof when they have nearly identical analogues 
in section 6. To end this introduction we state the main conclusions of this paper, 
proofs are given in sections 4, 6, and 7 respectively. The spaces L 2 (m) are weighted 
spaces, see (|2.2[) below. 

Theorem 1.1. Given initial conditions vq € L 1 ^ 2 ), there exists a unique global 
solution v G L°°([0, oo); L 1 (R 2 )) to the PDF M.ty) . This solution satisfies the decay 
bound 

\v(t)U<Ct-^\v(0)\i 

Theorem 1.2. For any /i G (0, i), there exists ar > so that for any initial data 
t'o G L 2 (2) with || «o II 2 < fo the solution of satisfies 

\v(-, t) - a{fl(;t) - a 2 Att(-, t))\ p < (7(1 + t)' 1 '^ 
where a — L 2 dx and 

, , 1 -H 2 

n(x,t) = — — -e 4 ^') 

v ' ' 47r(l + t) 

Theorem 1.3. For any /i G (i, 1), there exists a ro > so that for any initial data 
vq G L 2 (3) with || vq II 3 < ro the solution of Al.ty) satisfies 

\v(;t)-a(Q.(; t)~a 2 An(-, t))- ^ bi{diSl{x, t)-a 2 Ad t n(x, t))\ p < C(l+t)" 1_A1+ p 

i=l,2 

where bi = J £iW d£ and a, fl are as in the previous theorem. 



2. Notation 

Throughout this paper we use N to refer to the natural numbers including 0. 
Standard Lebesgue spaces will be denoted L P (R 2 ) or (L p for short) with the norm 
| • | p = / • dx. 

To denote the curl of a vector field, we use the tilde. For example, the curl 
of a vector field v is given by V x v — v. For a divergence free vector field, the 
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curl can be undone through convolution with the well known Biot-Savart kernel 
/(2ir\x\ 2 ), x 1 - = (—X2,xi) T . We denote this convolution as 

so that B{v) = v for divergence free vector fields. 

We define &(£) = (1 + ICI 2 ) 1 ^ 2 and make frequent use of the weighted Hilbert 
spaces L 2 {m) defined by 

(2.2) L 2 (m) = {/ G L 2 (R 2 )\ \\f\\ m < oo & V • / = 0} 

\\ff m = [ b 2m (0\f(0\ 2 ^ 

3. Preliminaries 

This section contains bounds that will be useful later in the paper, particularly 
section 3. To begin we recall a lemma from [5] concerning the Biot-Savart operator 
B defined by (|2.1|) , and the curl of divergence free vector fields. 



v = B(v) = ±- [ { * V) ^ v{y)dy 



Lemma 3.1. Let 

i, = R(fi\ — , 

2tt J R 2 \x - y\ 2 

(i) 7/1 < p < 2 < q < oo, - — - - i, and v G L P (R 2 , then there exists a C > 
such that \v\ q < C\v\ p . 

(ii) If I <p < 2 < q< oo, | = - + where a G (0,1), and v G L p nL^{R 2 , 
then there exists a C > such that \v\aa < C\v\ p |{>|J _a . 

(Hi) If 1 < p < oo and v G L P (R 2 ), then there exists a C > such that 
\Vv\ p < C\v\ p 

Proof. This is Lemma 2.1 in [5]. □ 

The following bounds for the heat kernel will also be useful in proving existence 
of solutions in section 3. 

Lemma 3.2. Let $ be the fundamental solution to the heat equation. Then 

t { 

C(n,p) 

Proof. By direct calculation 



|V.(*)t < M 



I*(*)IS = tA*t [ e^dx= ' 



{Ant) 2 7 R „ pi(47rt) 2 



This proves the first bound. For the second, start by differentiating the heat kernel 
then take the L p norm 

Now a change of variables and integration proves the second bound. □ 
We also recall some facts about the Hclmholtz operator H . 



THE VISCOUS CAMASSA-HOLM EQUATIONS IN THE PLANE 



5 



Lemma 3.3. Given, v £ C^°(R") let u be the smooth solution to the Helmholtz 
equation 

H~^{u) = u — a 2 Au = v 
Then u satisfies the following bounds 

Mp < Hp for p £ [l,oo] 
1 1 . C{n,p,r) n 1 1 

" a i+7 |t,|r /or 7 = 2 ( 7 ~ ^ < 

._ , Ctn.p.r). . n.,1 1. 1 

|V«lp<-^Mr /-7= 5 (---)<2 

Proo/. See P]. □ 

Lemma 3.4. Let t> e L r (M. 2 ), r £ [l,oo). Then, there exists a solution u G W 1,r 
<o i/ie Helmholtz equation 

— u — a 2 Au = v 

which satisfies the bounds 

Mp < Hp /or p S [l,oo] 

1 1 . C{n,p,r) n 1 1 

Hp < i+r— « r /° r 7 = x < 1 

._ , Cin.p.r) , . . n.l 1, 1 

|V«|p<-^|«| r /or 7 =-( ; --)<- 

Proof. Let n n € be a sequence such that v n — > i> in 27 (R 2 ) and ||u,i||r < 
||i>|| r . By the previous lemma, there exists a sequence of solutions to the Helmholtz 
equation u n , each term satisfying the desired bounds. Applying the Banach-Alaoglu 
theorem to a possible subsequence of the u n gives the existence of a function u with 
the desired properties. □ 

The last Lemma in this section concerns the inclusion L 2 (m) > L 1 which will 
be useful in proving many estimates later in this paper. 

Lemma 3.5. If f 6 L 2 {m) for some m > 1 then f £ L q for 1 < q < 2. 

Proof. The bound |/|2 < ||/||m is immediate from the definition of L 2 (m). Since 
(1 + |£| 2 )^ 1S integrable in M 2 if m > 1 we have |/|i < C||/|| m . Interpolation 
finishes the proof. □ 

4. Vorticity Problem for the VCHE 

This section contains proofs for existence and uniqueness of solutions to the 
vorticity form of the VCHE (11. 2p with data in v € P 1 (M 2 ). Decay of these solutions 
is provided by the optimal smoothing results in [4]. 

Instead of working directly with (|1.2|) we prove existence and uniqueness for the 
mild form of the PDE (|1.2p by solving the integral equation 

(4.1) v(t)=e At v - [ V<f>(t-s)*[B(H a (v))®v]{s)ds 

Jo 

v(0) = vo 

The corresponding result for the Navier-Stokes equation was proved in [1] using 
a fixed point argument in a space smaller then L , then extending the solution 
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operator to L 1 , see also [3] and [14]. This approach was necessary because of the 
difficulty in writing the Navier-Stokes equations so a fixed point argument can be 
applied in L 1 . In the case of the VCHE, the filter provides enough leverage to apply 
a fixed point argument directly. We start by proving a bound on the bilinear term 
then follow with existence of a global solution. 

Lemma 4.1. The bilinear form 

B(v,w) : i^aO,!? 1 ]^ 1 ^ 2 )) x L oo ([0,T],L 1 (M 2 )) -> L°°([0, T},L 1 (R 2 )) 

defined by 

B(v,w)= [ V$(t- s)*[B(H a (v))®w](s)ds 
satisfies the bound 



n 



sup |B(e,uj)(t)|i <c(r) { sup |«(t)|i sup HOli 

te[o,T] \te[o,T] J \te[o,T] J 

where C(T) -> as T -> 0. 

Proof. Apply first Young's inequality then Holder's inequality to the bilinear form 
with l<p<2<<7<oo and i + A = 1: 



|B(5,t5)(t)|i < / |V$(t-a)|i|B(ffa(t5))(s)|oo|w(a)|id8 
Jo 

Lemmas 13 . 1 1 and l3Tl give the bound \B(H a (v))(s)\oo < C\v(s)\i so 

|B(«,w)(*)|i<C / |V*(t-s)Uds ( sup |5(i)U ( sup 

Jo \se[o,t] / \se[o,t] / 

By Lemma l3.21 |V$(f — s)|i is integrable over finite intervals. Taking the suprcmum 
over te [0, T] yields 

sup \B(v,w)(t)\i < CT? ( sup |tJ(t)|i] [ sup |tD(t)|i] 
te[o,r] \*e[o,T] y \te[o,T] y 

This estimate concludes the proof. □ 

Theorem 4.2. Given initial data vq G i 1 (M 2 ) </iere exists a unique global solution 
v G L°°([0, oo); i 1 (R 2 )) to t/ie integral equation J^.j[ ). For any p G [l,oo], i/lis 
solution satisfies the decay bound 

(4.2) IwWIp^CH 1 - 1 /?)^)!! 

Proof. Lemma 14.11 with a standard fixed point argument gives the existence of a 
mild solution in some possibly small time interval. The length of the time interval 
depends on the L 1 norm of the initial data. After applying the optimal smoothing 
results in [3] (see also [TB]) the L 1 norm of the solution does not increase beyond 
the L 1 norm of the data which implies the existence of a global solution. Indeed, 
the vorticity equation for the VCHE is a viscously damped conservation law so 
after applying Theorem 1 in [3] we establish (|4.2[) . In particular, |w(t)|i < C|w(0)|i, 
which establishes global existence. 
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It remains to establish uniqueness. Let v and w be two solutions of (|4.1j) corre- 
sponding to the same initial data vq € i 1 (M 2 ). After adding and subtracting cross 
terms we see 

(v - w)(t) = - j V$(£ - s) * [B(H(v, a)) <g> (v - w)](s) ds 
Jo 

+ / V$(i- s)*[B(H((v-w),a))®w](s)ds 



Similar to the proof of Lemma 14. 1[ apply Lemmas 13.11 and 13.41 with Young's in- 
equality, for 1 < p < 2, 

\v(t) - w(t)\! <C f |V$(t - s)|i(|tj(fl)U + |tS(s)|i)|5(«) - w(s)\i ds 



Apply (142]) to obtain 

\v(t) - ti(t)\i < C\v \i I |V*(t - s)|i|t;(s) - w(s)\i ds 



From here, the Gronwall inequality with Lemma 13.21 is used to establish uniqueness 
and conclude the proof. □ 

This establishes Theorem ll.il 



5. The Scaled Equations 

In this section we introduce scaled variables and rewrite the vorticity equations 
for the VCHE in these variables. An existence theorems for the the scaled VCHE 
and related filter equations in the spaces L 2 (m) is the provided. Finally we discuss 
the action of the linear operator £ on the weighted spaces L 2 (m) . 

The scaled variables are defined 

( '7m T = 1,,(1+() 

v{x, t) = J— w{£_, t) u{x, t) = J_ cj($, t) 

V-L + t V I + t 

v(x, t) = t) u(x, t) = YTl Q ^, r) 

It has been show in [5], [S] and [TU] that these variables are very useful when 
studying the large time behavior of the Navier-Stokes equation. The VCHE (|1.2p 
becomes 

(5.1) w T = Cii — lo ■ \7^w w(0) = w 

(5.2) (j = B(H a , T (w)) 

where B is again convolution with the Biot-Savart kernel as in (|2.ip . C is the linear 
operator C = + ^ ■ + /, and Ti a ^ T is the operator defined by solving the 
scaled Helmholtz equations <D — a 2 e~ T A^uj = w. 

Our first goal of the section will be to show how the filter Ti. a ,r acts on the 
weighted spaces L 2 (m), in particular we will show that the Helmholtz equation has 
a unique solution on these spaces. 
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Lemma 5.1. If w £ L 2 (m) and lo G L 2 (m) are related by the scaled Helmholtz 
equation w = lo — a 2 e~ T A^lo then ||w(t)||^ < C|| w(t) || ^ . In the case Am 2 a 2 < 1, 
C = 1, otherwise C = 2(1 + 2 m ~ l (Am 2 ot 2 ) m ) . This lemma shows how the operator 
H a .T ■ L 2 (m) — » L 2 (m) is bounded. 

Proof. The case of m = follows from the linear theory, the bound is 

IMlMMIo + « 2 e-lV^||2 + ^e- 2 l Ac,||g 
If m > Q, square the PDE and multiply by b 2m , after integration we have 

\\w\\ 2 m = \n\ 2 m + a^\\Ac\\ 2 m -2a 2 e^ f 6 2 "WW£ 

JR 2 

Using integration by parts 

/ (l + |£| 2 ) m wAwd£ = -||Vw|| 2 „ + 2m / (6 2m - 2 + (m-l)6 2m - 4 |£| 2 V 2 ^ 

JR 2 JR 2 

leaves 

\\wf m = \H 2 m + a 4 e- 2 l Au\\ 2 m + 2a 2 e-r\\ Vc|| 2 n 

- ima 2 'e^Ml^ - Am(m - l)a 2 e^ || \Z\u\\ 2 m _ 2 

The bound - e - T b 2m - 4 (b 2 + (m - 1)|£| 2 ) > -m26 2m shows 

INI™ > (1 - 4mV)|Hli + « 4 e- 2 1| Aw^ + 2a 2 e^\\ Vuf m 

and proves the result if Am 2 a 2 < 1. 

If 4m 2 a 2 > 1, set /3 2 = 8m 2 a 2 -l so that for |£| > /3 we have b 2m > 8m 2 a 2 b 2m - 2 . 
If B((3) is the ball with radius /?, 

- 4m 2 a 2 / 6 2 " 1 - 2 ^ 2 ^ > -4m 2 a 2 (8m 2 a 2 ) m " 1 / u 2 d^-- [ b 2m Lo 2 d£ 

JR 2 JB(p) 2 Jb c ((3) 

Applying the case m = and the bound \\w\l 2 . < \\w\\m allows 

2 



Also, 



/ oj 2 d£_>- [ to 2 d£>- [ w 2 d£_>-\\w\ 

JB{fl) JR 2 JR 2 

-U b^dZ>-\\\u>f m 

Z JBC(0) * 



Considering all of this with leaves, in the case Am a > 1, 

(5.3) C\\wf m > i|M| 2 „ + aV 2 l Aco\\ 2 m + 2a 2 e^\\ Vco\\ 2 n 

where C = 1 + 2 m - 1 (4m 2 a 2 ) m . □ 

The above proof is some indication that the filter is not well suited for the 
weighted spaces. There is still a smoothing effect, but as can be seen from (15. 3[) 
this effect decreases as r becomes large. 

Theorem 5.2. Given w G L 2 (m) there exists a unique solution lo G L 2 (m) to the 
scaled Helmholtz equations w = lo — a 2 e~ T A^lo . This proves the operator H atT : 
L 2 (m) — > L 2 (m) is well defined. 

Proof. The rough estimate b 2m > 1 implies L 2 (m) C L 2 (0), so if w G L 2 (m) it 
is well known that there is a unique lo G L 2 (0) solving the equation. Lemma [5.11 
shows that lo G L 2 (m). □ 
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We now turn our attention to the scaled VCHE. Using the strongly continuous 
semigroup e rC generated by L in L 2 (m) we write the mild form of the scaled 
vorticity problem as 

(5.4) w(t) = e rC w - f e-^ T - s ^V ■ e [T - s)c (uj{s)w{s))ds 

Jo 

&=7-t a , T (w) w(0) = w 

The following lemma provides an estimate on the bilinear form which will be 
used to prove existence of a local solution to ([57 



Lemma 5.3. Given u>i,W2 € C°([0, T}; L 2 (m)), define 

R(w 1 ,w 2 )(t) = f e-^ r - s )V-e (T - s)£ Ms)w 2 ( S ))ds 



where lj% = W% — a 2 e T Aw\ and ui\ is obtained from W\ via the Biot-Savart law. 
Then R G C°([0, T],L 2 (m)), and there exists C = C (m,T) > such that 



sup ||-R(tDi, w 2 )(r)|| m < C sup ||wi(r)|| m sup ||w 2 (r)|| 

0<t<T \0<r<T / \0<t<T 

Moreover, the constant Co becomes arbitrarily small as T tends to zero. 

Proof. We rely on an estimate of the semigroup e proved in the appendix of [9], 
ifr G (^,2) then 

\b m W-e TC u\ 2 < C - \b m u\ r 

where a(r) = 1 — e _T . This allows 

|& m J R(^ 1 ,zD 2 )(-r)| 2 < C [ 1 . \b m ui(8)M*)\rd8 

JO 0(T - S) r 

Holder's inequality, Lemma [3.11 and the inclusion L 2 (m) L r (M. 2 ) provides the 
bound |6 m wi(s)?i; 2 (s)| I . < C|| W2 1| m H^i || m- Apply Lemma 15.11 and note that a(r — 
s)~ x / r is integrable from to r to finish the proof. □ 

In addition to providing existence and uniqueness, the following theorem shows 
how we can control the L 2 (m) norm of a solution to the integral equation (|5.4[) by 
controlling the L 2 {m) norm of the initial data. Just as Lemma l5.3l has an analogue 
in [jj], our existence proof is modeled after the proof of Theorem 3.2 in [9]. 

Theorem 5.4. Given wo G L 2 (m) for some m > 1, there exists a global solution 
w G C°([0, oo), L 2 (m)) to the integral equation with w(0) — Wq. Moreover, 

there exists a constant C\ — Ci(||wo||m) such that 

(5.5) IRr)|L < Ci 
and C\ — > as \\Wo\ m —> 0. 

Proof. The previous lemma and a fixed point argument gives unique local in time 
existence of a unique solution. Moreover, there exists a T > such that 

(5.6) sup ||to(r)|| m < 2||?Do||m 

0<t<T 
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By scaling (|4.2|1 and using the fact that L 2 (m) <—>■ L 1 for to > 1 we see that this 
solution satisfies, for all p € [l,oo], 



( 5 -<J l w (, r )lp < — . a _l 

a(r) p 

We will now establish (|5.5p which will imply global in time existence. Multiplying 
(|5.1[) by 6 2m iD and integrating we find 

I A f b 2m w 2 d£= [ b 2m ( wAw +-(£■ V)w + w 2 - w(lu ■ V)w) d£ 
2drJ R 2 J V 2 \ 2 VS J 

Integration by parts and the bound |£| < &(£) give the following estimates: 

/ b 2m wAw d£< - [ b 2m Vw 2 d£ + 2to 2 f b 2m - 2 w 2 d£ 
Jr 2 Jr 2 Jr 2 

\ [ b 2m w{£,-Vw) = - 1 - ( b 2m w 2 d^~lm[ b 2m - 2 \^\ 2 w 2 d^ 
6 2m w(w • V)w g?£ — to J b 2m - 2 {£ ■ u)w 2 d£, 

Furthermore, given e > there exists a C e > such that b 2m ~ 2 < eb 2m + C e so we 
can bound 

2 / i2m-2 -2 i f / , | (,2m -2 Jt i /-> / „7.2 



2to" / &* m -^ ^ < e / &' m ^ d£ + C t w z d£ 
Jr 2 Jr 2 Jr 2 

Similarly, 

to/ b 2m - 2 {t-uu)w 2 d£,<e [ b 2m w 2 d£ + CM 2 ^ I w 2 d£ 
Jr 2 Jr 2 Jr 2 

Putting these bounds together yields 

l *f b 2m w 2 d£< -{\-2e) ( b 2 ™W 2 dt + C e (l + \u\ 2 ™) [ w 2 d£ 

1 UT J R 2 I J R 2 J R 2 



Write 5 = \ — 4e, then 



rf7 



5r / 6 2m w 2 dA <eV r (l + M;^) / w 2 d£ 
Jr 2 J Jr 2 

This inequality implies (|5.5|) provided 

(5.8) sup ((1 + M 2 ^)/ ™ 2 ^ <c(INIk) 

0<t<oo \ Jr 2 / 

where C(||t&o||m) — * as ||u> m || m — * 0. We now establish this estimate. 

When T is such that (|5.6|) holds, estimate (|5.7[) with p = oo and then p = 2 
implies (|5.8[) when the supremum is taken over r € [T, oo). When t < T Lemmas 
13.11 and 13.41 provide the bound |w(r)|oo < C(T)\w(t)\2, which with (|5.6p implies 
(1 + ^(tJIoo) < C(T)\\w \\ m for all t < T. In addition, dHJ) implies |w(r)| 2 < 
C(||wo||m) when r < T. This concludes the proof. □ 

Definition 5.5. Denote by <&(w>o)(t) the global solution given by Theorem 15.41 
corresponding to initial data wq € L 2 (m). 



THE VISCOUS CAMASSA-HOLM EQUATIONS IN THE PLANE 



11 



We spend the remaining portion of this section recalling facts about the operator 
on the spaces L 2 (m) useful to our discussion. The operator C is studied closely in 
the appendix of 9J and the reader is refered there for proofs of the statements which 
are not immediate. 

The spectrum of L in the space L 2 (to) is 

a{C) = {A e C\Re(X) < U {~\k e N} 

The operator C forms a strongly continuous semigroup e on the space L 2 (m). 
Set k = m— 2, then the spectrum of e acting on L 2 (m) has fc+1 isolated eigenvalues 
\j = ept for < j < k. 

Definition 5.6. Let X\ c L 2 (m) be the finite subspace spanned by the eigenvec- 
tors associated with the eigenvalues Xj, < j < k and Xi = L 2 (m) — X\. Define 
Pi as the spectral projection onto X\ and P2 the projection onto X^. 

Remark 5.7. Note that P k and P k both commute with e c and are guaranteed to 
exist because X\ and X2 are closed subspaces of the Hilbert space L 2 (m). This 
notation supresses the dependence on to but in all applications we shall fix to 
beforehand so this is well defined. 

Lemma 5.8. The projections P\ and P2 defined above satisfy the following bounds 
for w S L 2 (m) 

HH ajT e c P 1 )- j w\\ m <C 1 e^\\w\\ m 

\\(H a , T e c P 2 yw\\ m < C 2 e =1S ^ 1 \\w\\ m 

Proof. This follows from the definitions of the projections. □ 

This lemma is stated in general but we will work only in the cases m = 2, 3. 
Of particular interest to us are the first two eigenvalues Aq = 1, Ai = ^ and 

the associated eigenvectors G(£) = and Ft = diG(£) = — |G(£). The 

eigenvalue G is particularly important in studying the Navier-Stokes system in 2D, 
it is a stationary solution of the scaled PDE. This fact is easily checked by finding 
the associated velocity field with the Biot-Savart kernel and computing v ■ VG = 0. 
For reference, 

In the scaled VCHE a similar statement is true when we consider G as the filtered 
and scaled vorticity, this suggests that in describing the behavior of solutions we 
will also need to consider the following "un-filtered" eigenvectors. 

Definition 5.9. 

r«,r)=G(e)-ttV T AG(0 

Through straight forward calculations one can check 

v G ■ Vr = d t T = CT = a 2 e- T AT 

It is then clear that T is a solution of the VCHE. This solution is stationary from the 
perspective of the filtered flow u> and plays a similar role as G in the Navier-Stokes 
equations. 
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By linearizing the PDE (|5.1j) about the "fixed" point aT (a E K) we obtain 

(5.9) 4> T = - arj ■ Vr - av G ■ -0(0) = tjj 

V = B(H a , T $)) 

This linear PDE has strong global solutions, a fact which can be established fol- 
lowing the steps in Theorem 15. 4| the proof will be omitted here. Note that aT is a 
solution to (|5.9p . 

Letting v F< denote the velocity field associated with Fi, two other important 
relations are 

v F ' • Vr + v G • VA, = d t Ai - CAi + ^A t = 

The first is quickly checked by differentiating the relation v G ■ Vr = and the 
second can be checked directly. Together, these show aT + b\e~ A\ + b2&^~ A2 is a 
solution to the linearized equation 1|5.9[) . 
Subtracting (|5.9|) from (|5. If) we find 

(5.10) (w-tp) T =£(w-$)-w-V(w-tl>) 

- (w - av G ) ■ Vip + ar] ■ VT 

This system will be studied in the following chapters as the foundation for our 
asymptotic results. 

6. First Order Asymptotic Behavior 

In this section we work in the space L 2 (2) where the operator C has a single 
isolated eigenvalue and corresponding eigenvector G. This eigenvector spans the 
subspace X\ as in Definition 15.61 The projection onto this subspace is defined as 
follows: let a = J Wod^, then Pi{wq) = aG. 

Before we proceed it is important to remark that J w dt; is a conserved quantity 
under the flow of ()5.9|) so Pi(w(t)) = aG. Indeed, since Cw — V • (Vw + |), 

(6.1) ~ J wd£ = J V ■ (VtD + |-tD -™)^ = 

Fix wq and consider the system (|5.10p with initial conditions wq and ipo = aT(- 7 0) 
where a = J wq <i^, later we will require ||iDo|| m to be sufficiently small. With these 
initial conditions ip = aT is a "stationary" solution of the linear system ([57 
Writing f = w-aT,<f> = BH a , T (f), (jBTTUjl becomes 

(6.2) f T = Cf-io-Vf-a^-VT 
The associated integral equation is 

/ = e TC P 2 (w ) - f e^- {T - a) \J ■ e (T - a)c (ujf + a<j)T){a) da 



Jo 

Although it is not obvious at a quick glance, the above system changes with r. 
The dependence on r is burried in the cj> term (in the filter relation) and destroys 
the communitive property of the generated semiflow. Although communitivity is 
a very useful property when dealing with semiflows we are able to proceed in a 
fasion consistent with the Lyapunov-Perreon approach to constructing invariant 
manifolds, namely to develop a descrete system which represents the solution for 
integer times and solve this system in a space with suitable decay. To make this work 
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we need a sequence of semiflows with uniform bounds which can be put together to 
reconstruct the original flow. The following system takes us in that direction and 
we now change our focus to finding properties of /„ which solves the the following 
system, defined for all neN, 

(6.3) 

In = e r£ /„, - / e^ T - CT >V • e {T -^ c (uj{n + a)f n (a) + a<f> m (o-)T(n + a)) da 
Jo 

(f n )(a) /(0) = foEX 2 

Note that this system has a global solution, again proved analogously to Theorem 
I5.4l and not included here. It should be noted here that the above system depends on 
wo which we consider fixed when we write down the system (a depends on wo)- Most 
solutions of this equation will have no meaning but by choosing fo,o = P2(wq), then 
fn.o = fn— l(l) we are able to recover information about the semiflow corresponding 
to Wq- 

Definition 6.1. Let Sn(/n,o )(■?") denote the global solution to the system (16. 3|) . 
Sometimes we will write for Go when convenient. 

The parameter n allows us to keep track of our progress in time. For example, 
if < a < 1 is such that r = n + a then 

e(/ )(r) = e„(e B _i(e„_ 2 (. ■ • )(l))(l))(<r) 

That finishes the construction of the semiflows, now we will prove uniform (hold 
for all n) properties. 

Lemma 6.2. The semiflows 8„(/o)(r), n e N are all C 1 in L 2 (2) x K+. There 
exists a constant ro > (possibly small) and D > such that for all ||wo||2 < r o 
and n G N the flow Q n satisfies the following Lipschitz property, 

(6.4) sup Lip(Q n (-)( T )) = D < 00 

0<T<1 

This bound holds as ro — > 0. 

Proof. Since the bound obtained in Lemma 15.11 is independent of r we can prove 
this lemma for all n € N at once. That the semiflow is C 1 is a classical result. 
Consider the semiflows /(t) = Q n (fo){T) and g(r) = <d n (go)( T ) corresponding to 
initial data fo and go respectively, and the corresponding filtered flows <f> and 7. 
Subtracting we have 

||e„(/)(r) - e n (g)(r)\\ 2 < \\e TC (f - g )\\m + /(r) + J(r) 

where 

I(t) = || [ T e -fr-° ^-e^ c (uj(n + a)(f(a)-g(a)))da\\ m 
Jo 

J(r) = || [ T e-^-^V ■ e^-^ c ma) - 7 (s)) a r(n + a)) ds\\ m 
Jo 
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Similar to the steps in Lemma 15.31 we obtain 

I(t) + J(t)<C(t) ( sup \\f(a) - g 2 (a)\\ 

\0<(T<T 

sup {\\w(n + a)\\ m + a\\T(n + a)\\ m ) 

0<(T<T 

with C(r) a continuous function and hence bounded on r 6 [0, 1] by a constant C. 
The bound (|5.5j) combined with the definition of a (a < 1 1 iZ?o 1 1 2 ) allows us to pick 
ro > small enough so that for all a > 0, 

\\w(n + a)\\ m + a\\T(n + a)\\ m < 

After taking the supremum over r € [0, 1] we have 

sup ||e„(/)(r) - e„(g)(r)|| m < sup \\e TC (f - g )\\ m 

0<T<1 0<T<1 

<D\\f -g \\ m 

This is the bound □ 

Lemma 6.3. There exists a constant r > (possibly small) such that for all 
1 1 -iDo 1 1 2 < fo an d n E N the flow Q n can be decomposed as 0„(/o)(l) = e c fo+R n {fa) 
where R n (-) is Lipschitz as a function from L 2 (2) to itself. The Lipschitz constant 
Lip(R) := sup„ eN Lip{R n {-)) can be made arbitrarily small by chosing r$ small and 
satisfies the following conditions: 

(i) For any /j, € (0, 1/2), ro may be chosen so that for all i £ N, 

,n r\ Cl , C 2 1 

1 ' ' 1-e"" re- e-Va Lip(R) 

(ii) This bounds holds as ro — > 0. 

Proof. As in the previous proof, consider the semiflows /(t) = 9 n (/o)(T) and 
g{r) = & n (go)(r). Define 

Rn(fo) = e„(/ )(l)-e £ /o 
-i 

e -l/2(i- ff ) v . e (l-<r)£( w ( n + a )f( a ) + a <t>{a)T{n + a)) da 
As in Lemma 15.31 or the Lemma 16.21 after adding and subtracting cross terms, 

\\Rn(f ) ' Rn(go)\\m < C ( SUP || />) - g{&) \\ 

\0<<T<r 

sup (\\w(n + a)\\ m + a\\T(n + a)\\ m ) 

0<a<T 



Appealing to (|6.4|) , 

\Mfo)~ Rn{go)\\ m <CD[ sup ||/o-.go||, 

\0<(7<T 



sup (\\w(n + a)\\ m + a\\T(n + <r)|| m ) 

0<<7<T y 
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Lip(Ri(-)) < CD ( sup (|Ha)|| m + a||r(a)|| m ) 

V0<cr<oo 



This shows 



and, with the help of (|5 . 5[> . satisfies the Lipschitz condition. The bound (|6.5[) is 
established by taking ro sufficiently small. □ 

From this point on we assume that ro is small enough so the conclusions of 
Lemma 16.21 and 16.31 hold and construct the descrete system. 

Definition 6.4. We call a sequence {f n }nen C L 2 (2) a positive semiorbit of 0„ if 
it satisfies the relation /„ = e £ /„_i + R n {f n -i)- 

For a given initial position x £ L 2 (m), using this definition recursively we find 
the positive semiorbit {0(x)(n)}„gN it generates: 

n-l 

(6.6) e(x)(n) = e nC x + e {n ~ k ~ 1)c R n {e(x)(k)) 

k=0 

We now prove a lemma based on Lemma 3.3 from [6] which will provide a link 
between the semiflow and discrete Lyapunov-Perron equations. 

Lemma 6.5. With m = 2, let Xi, Pi, and Li, for i — 1,2 be as in Definition \5.b\ 
pick fi £ (0, ^) and choose tq > to satisfy the conclusions of Lemmas \6.2\ and \6.3[ 
Let {/ n }„ eN C L 2 (2) satisfy 

(6.7) limsup-ln||/ n || 2 < -/i 

n — >oo n 

Then the sequence {/ n }neN is a positive semiorbit of Q if and only if it satisfies, 
for all n £ N, 

(6.8) /„ = e nC P 2 f - e^- 1 ^P 1 R j (f j ) + £ e^-^P^^) 

n<j 0<j<n 

Proof. Using the iterative relation (|6.6p with the projection Pi shows 
P 2 fn = e nC P 2 f Q + J2 e {n ~ 3 ~ 1)C P2Rj(fn) 

0<j<n 

Likewise, 

PiU = e- mC Pif - e {n - j - 1)C PiRj(fn) 

n<j<m 

We will first show that the right hand side converges as m — > oo, then it remains 
only to add these projections together to finish the proof. Lemma 15.81 and the 
Lipschitz property of R allow 

|| e ( "--''- 1)£ P 1 i? J (/„)|| m <c7 1 ^(i?) ]T ||/ n |L 

n<j<m n<j<m 

The bound (|6.7p gives convergence of this sum as m — > oo as well as the following 
limit 



lim ||e- m£ P 1 °/ n ||„ l <C 1 ||/„|| m = 



□ 
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The next step is to show that for any initial data there exists a solution to 
the system (|6.8|) in a weighted space. Systems such as (|6.8|) are called Lyapunov- 
Perron equations and used in the Lyapunov-Perron approach to invariant manifolds. 
Theorem 2.1 in [6] is directly applicable to this system after we introduce the correct 
weighted space E^. We would like to remark here that the system (|6.8[) does not 
"see" the component of the initial data in X\ but instead picks out the correct 
component to form a solution with the fast decay rate. Thus, by solving the system 
one creates a map h : X2 — > X\ defined h(P2fo) = Pifo- This map is important 
when constructing invariant manifolds and foliations through the Lyapunov-Perron 
approach (see for example [6]). In our construction this map is the zero map. 

Definition 6.6. Given /1 e M + let E£ be the Banach space equal to L 2 (2) as a 
vector space but equipped with the norm | • \ E t> = e M "|| • || 2 . E^ is the sequence 
space / = {/„}„ e N, f n € E£ equipped with the norm \ f\ E » = sup„ eN |/„| B £. 

Theorem 6.7. With m = 2, let Xi, Pi, and Li, for i = 1,2 be as in Definition ] 5. 6[ 
Pick /x G (0, |) and choose r > and iDq to satisfy the conclusions of Lemmas 1 6. S\ 
and \6.3\ Given initial data Pzfo G X2 there exists a unique solution to 16. 8\) in E 11 
with P\f n = 0. 



Proof. Our proof will consist of checking the hypothesis of Theorem 2.1 in [6] with 
the space E^. This theorem, which is proved using a fixed point argument, implies 
the existence and uniqueness statements in our result. 

To check (S.l) we note that {e n Pijnenfo is an element of E^. Indeed, from 
LemmaEH e^ n ||e n£ Pi/o|| 2 < C 2 e C ^~ * >T1 1 1 /o 1 1 2 

To meet hypothesis (R.l) we need to compute the Lipschitz constant associated 
with the map Rj in the weighted space. Lemma 16.31 gives the Lipschitz property of 
Rj as a mapping from L 2 (2) to itself with Lipschitz constant Lip(Rj) < Lip(R), this 
implies Rj is Lipschitz as a mapping Rj : E^ — > E£ with constant e^~ n ' Lip(R). 
The convergence of the following sums relies on this Lipschitz constant and Lemma 

m 

|-5i|< = E e/in H e( "^" 1)£p i^(^)ll2 

n<j 

^c^enmmh 

n<j 

KC.LipiR^enifjh 

n<j 



KCiLipiR^e^-^lf: 



3\E» 



n<j 



<C x Lip{R) [yyw] (svv\h\e*\ 

\j& J ^' eN '/ 

< C x IAp{R) ( T ^—) (supl/j-U 
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Similarly, 

0<j'<n 



Together with the bound (|6.5[) we obtain 1 5i + 5*2 1 < sup jeN (|/j| B /;') to meet the 
criteria of (R.l) and grant existence and uniqueness. 

The statement P\f n = can be inferred from the "conservation of mass" prop- 
erty of (|6.2p and the decay implied by in the following way. Using (|6.2p we see 
that J f n dt; is a conserved property under the flow 0„: 

The orthogonal relation X\ _L X 2 allows ||-Pi/n|| 2 < ||/n|| 2 , and, as ||Pi/2|| m is 
constant for all n <E N, {/„} € implies Pxf n = 0. □ 

We are now in a position to prove an existence theorem which will be the basis 
for the first order decay estimates. 

Theorem 6.8. With m = 2, let Xi, Pi, and Li, for i — 1,2 be as in Definition 
15.61 Pick /i G (0, ^) and choose tq > to satisfy the conclusions of Lemmas 1 6. £1 
and 1 6. Oft Given wq such that ||wo||2 < To o/ad initial data /o G A 2 , there exists a 
unique global solution f(r) € C°([0, oo), L 2 (2)) of &6.3\) which satisfies Pi/(r) = 
and 

(6.9) limsup-ln||/(r)|| 2 < -£t 

r — >oo ri 

Proof. As mentioned earlier, existence of a unique global solution can be argued 
as in Theorem 15.41 As in the previous theorem, conservation of mass and this 
limit implies Pi/(r). Combining uniqueness, Theorem 16.71 and Lemma 16.51 we can 
deduce limsup„^ oc ~ In ||/(n)|| m < — \i. We now apply the Lipschitz property of 
the semifiow 0„ given by Lemma 16.21 If n € N and < a < 1 are such that 
t = n + er, then 

-ln||/(r)|| 2 <-|lnP||/(n)|| 2 )<^ln||/(n)|| 2 + iln^ 
T t \n\ T 

Taking the limit superior as r — > oo in the above expression finishes the proof. □ 

We now prove the theorem which was the goal of this section. 

Theorem 6.9. Pick pi E (0, ^) and choose ro > to satisfy the conclusions of 
Lemmas \ and \ 6.S\ Given initial data wq such that ||wo|| 2 < tq, the solution 
w(t) of the scaled VCHE given by Theorem \5.4\ is subject to the following decay 
estimate: 

\\w{t) - aT(T)\\ 2 < Ce-^ 

where a — f w dt;. 

Proof. In the previous theorem take /o = -P 2 u>cb then /(t) = w(t) — aT(r). The 
decay then follows from (|6.9p . □ 

Finally, as a corollary to this theorem we prove Theorem 11.21 
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Corollary 6.10. For any /i <E (0, h), there exists a ro > so that for any initial 
data "Do G L 2 (2) such that 1 1 'Do 1 1 2 < r o, the solution of (|1.2[) given by Theorem 14.2 
satisfies 

\v(; t) - a(fi(-,t) - a 2 AQ(-,t))\ p < C(l + i)" 1 ""^ 
where a = J R2 -Do dx and 

1 -H 2 

v ' ' 47r(l + t) 

Proof. This is the result of the previous theorem in unsealed coordinates. Let 

(6.10) £l(x.t)= , 1 , G(^=) = — -e 3 ^) 

v ' y ' + V \/TTt ; 47r(l+t) 

then, 

' -r( X ,ln(] + i)) = Q(a:, t) - a 2 Afifo i) 



(1 + i) V % /TTT' 

Thanks to the above theorem and the inclusion L 2 (2) <—* LP for when 1 < p < 2, 

\v(;t)-a(n(-,tya 2 An(;t))\ p < 

< (1 + i)" 1+ ^ |tu(-,ln(l + *)) - ar(-, ln(l + <))| p 

< C(l + t)- 1+ ^ \\w(; ln(l + t)) - aT(.,ln(l + i))|| 2 

< C^l + t)- 1 ""^ 

□ 

7. Second Order Asymptotic 

This section is similar in spirit to the previous section and many of the proofs are 
omitted because they are nearly the same as proofs given in the previous section. 
We work in the space L 2 (3) where the operator C has two isolated eigenvalues, 
and and three corresponding eigenvectors, G and Fi, i — 1,2. Together these 
eigenvalues span the subspace X x given by Definition 15.61 Any u>q £ L? (3) can 
be written as wq = aG + b\Fi + &2-F2 + 9 where a — J wq d£, hi — J £iWo d£,, an d 

ge x 2 . 

In addition to the "conservation of mass" property ^ J wd( = discussed in the 
previous section, solutions to the scaled VCHE (15. 1|) also satisfy the scaled form of 
conservation of the first moments, 4? J £iivd£ = — \ J £,iU)d£,. Indeed, let i = 1,2 
and j =/= i, then 

&£w + ^iiw = dji&diw + ^ 2 w -w)+ dj(£i,djW + ^$i$jw) 

and it is clear that J R2 £,i£w d£ = — | J R2 £iW <i£. For the non-linear term, note that 
if V • lo — and u) = d\U2 — diU\ then 

iibj ■ Vd> = difauiU) - WiUJj) + dj(£iUJjQ + \ {lo 2 - a; 2 )) 

2 

Similarly, 

£,iuj ■ Vd 2 Cu — dii^iOJ ■ VdjUj) — uj ■ VdiCu — ^diu; ■ VdiCu 

= difeu ■ Vdjij) - V(udiCb) - difediUidiU - d l us l d i Uj) 

<>,iX,ih~,<),~ + ^((diUi) 2 - (dtujj) 2 )) 



THE VISCOUS CAMASSA-HOLM EQUATIONS IN THE PLANE 



19 



and 

^iuj ■ Vd 2 u = dj{^iUo ■ VdjUi) — i), :£,(), *j,<),S: — djuiidjuij) 

-djfadjWjdjU) + ^((djUJi) 2 - (djcjj) 2 )) 

so that J R2 £iid ■ Vw d£ = 0. 

Fix wo G L 2 (m) and consider the system (|5 . 1 0[) with initial conditions wq and 
ipo = P\Wq. Let a = f wod£, h = J £,iWod£,, then ip(r) = aT + e~(biAi + b 2 A 2 ) 
is the solution to the linear equation (|5.9[) . Write / = w — aT — e~ (b\Ai + b 2 A 2 ), 
(j) = _B7i QjT (/), and after simplification, 

(7.1) f T = Cf '-oj-Vf -<f>-Vili-e~ T {blv Fl • VAi - b 2 2 v F2 • VA 2 ) 
So, / satisfies the integral equation 

Jo 

■e^ T "^ c (uf + 4>- \7i> + e- T {b\v Fl ■\7A l -b 2 2 v F2 • VA 2 ))(<r) da 

The key difference between this system and the corresponding system in the previ- 
ous section is the "forcing term" e~ T (b\v Fl ■ VAi — b 2 v F2 ■ VA2). In general such 
terms may add difficulty but this one decays at a rate fast enough to be little more 
then a notational nuisance. 

As in the previous section, fix an initial condition wq and for any n G N consider 
the system, 

(7.2) 

/ = e T£ / - f e -V»0--«0v . e^ T -^ c (io(n + a)f(a) + acj)(a)^(n + a)) da 
Jo 

- f er^ 2iT - a ^-e {T - a)c (e- {n+u Hblv Fl -VA^blv^ -VA 2 )(n + a))da 
Jo 

4>(a) = BH a , a+T {f){a) f(0) = f eX 2 

Definition 7.1. Let ^„(/o)(r) denote the global solution to the system (17. 2[) . 

Lemma 7.2. For each neN, the semiflows , 3/„(/o)(t) is C 1 in L 2 (2) x R+. There 
exists a constant ro > (possibly small) and D > such that for all ||wq||3 < ro 
and n £ N the flow ^ „ satisfies the following Lipschitz property, 

(7.3) sup Lip(*„(-)(r)) = D < 00 

0<T<1 

This bound holds as ro — ► 0. 

Proof. The proof is nearly identical to the proof of Lemma 16.21 □ 

Lemma 7.3. There exists a constant ro > (possibly small) such that for all 
H^olU < r o and n € N the flow ^ n can be decomposed as \E' n (/o)(l) = e c fo + 
Rn(fo) + S n where R n (-) is Lipschitz as a function from L 2 (3) to itself and S n € 
L 2 (3). The Lipschitz constant Lip(R) := sup neN Lip(R n (-)) can be made arbitrarily 
small and satisfies the following conditions: 
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(i) For any \x £ (1/2, 1), ro may be chosen so that for all neN, 
(7 4) ^ + ^ < 1 

(ii) This bounds all hold as ro — > 0. 
Proof. Define 

e -l/2(r-<r) y . e (r-a)£( e -(n+a) . VAj _ 5 ^F 2 . yA 2 )( n + d(J 



and R n (fo) = ^ n (/o)(l) — e^/o — S n . To see that S n £ L 2 (3) is similar to the proof 
of Lemma [ 



(7-5) ||5 n || 3 <e- n (& 1 KMl3||Ai||3 + l>a|K !, ||3||A2||3) 

The remaining statements in this proof follow as in the proof of Lemma 16.31 □ 



Lemma 7.4. With m — 3, let JQ, Pi, and Li, for i = 1,2 be as in Definition \5.b\ 
Pick n S (5,1) and choose ro > to satisfy the conclusions of Lemmas \7.S\ and 
[M Le< {M»eN C L 2 (3) safe/?/ 

(7.6) limsup-ln||/„|| 3 < -/i 

n — >oc Tl 

Then the sequence {f n }neti * s a positive semiorbit of "J" if and only if it satisfies, 
for all n £ N, 

(7.7) _^ 

f n = e n£ -P 2 f -J2e {n - j - 1)C Pi(Rj(fj)+S j )+ £ e^-^ftto^O + Si) 

n<j 0<j<n 

Proof. Proof is nearly identical to Lemma 16.51 □ 



For the purpose of this section, we take E^ as in Definition 16 . 61 but with the base 
space of L 2 (3) instead of L 2 (2). 

Theorem 7.5. With m = 3, let Xj, Pi, and Li, for i — 1,2 be as in Definition 
15.61 Pick pL £ (^,1) and choose ro > to satisfy the conclusions of Lemmas \ 7. S\ 
and \7.3\ Given initial data -P2/0 € X2 there exists a unique solution to { 7.7] ) in E^ 
with P\f n = 0. 

Proof. Again, the proof is nearly identical to Theorem 16.71 the main difference is 
the "forcing term" S n which we include with the linear term and results in one 
extra check to satisfy hypothesis of Theorem 2.1 in [5J: show that {SVijneN € ■ 
This follows from the bound and p < 1: e^HSWIU < Ce"^"' 1 )" < C □ 

Theorem 7.6. With m = 3, let Xi, Pi, and Li, for i — 1,2 be as in Definition 
15.61 Pick \l £ (i, 1) and choose ro > to satisfy the conclusions of Lemmas \ 7. 2\ 
and 1 7. S\ Given wq such that 1 1 zDo 1 1 3 < tq and initial data /q £ Xi, there exists a 
unique global solution fir) £ C°([0, 00), L 2 (2)) of i6.3\) which satisfies P\f(r) and 

(7.8) limsupiln||/(r)|| 3 <-fi 

t— *oo Tl 

Proof. Proof is nearly identical to Theorem 16.81 □ 
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Theorem 7.7. With m = 3, let Xi, Pi, and Li, for i = 1,2 be as in Definition 
15.61 Pick [i G an d choose tq > to satisfy the conclusions of Lemmas 1 6. ,21 

and \6.3[ Given initial data wo such that ||u)o||3 < r o> the solution w(t) of the scaled 
VCHE given by Theorem\5.J\ is subject to the following decay estimate: 



\\w(t) - oT(t) - eT^Aj + 6 2 A 2 )|| 2 < Ce^ T 
where a = f w dt; and bi = J d£. 

Proof. In the previous theorem take /o = -P 2 wo, then /(r) = w(t) — oT(t) — 
e^ L (&iAi + b 2 A 2 ). The decay then follows from (J679]) . □ 



The following corollary proves Theorem 11.31 

Corollary 7.8. For any \i £ (i, 1), there exists a rn > so that for any initial data 
vq e L 2 (3) with \\v0W3 < the solution of (|1.2|) given by Theorem 14.21 satisfies 

\v(; t)-a(fi(-, f)-a 2 Af](., t))- 2 tJ-^A^Ofi, t))|„ < C*(l+t)" 1_M+ p 

t=l,2 

where a = f wd£ and bi = J £iwd£ and f2 is defined by (I6.10|l . 

Proof. This is the result of the previous theorem in unsealed coordinates. Let 
fi(x,f) = ?I ^ J G( 7 ^ ! ) 1 then 1 

1 r ( x ,in(] +t) ) = n(x,t) -» 2 Ao.(rt) 



(i + t) VVTTi 

The rest follows as in Corollary 16. 101 □ 
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